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DEFLECTIONS OF A CIRCULAR BEAM OUT 
OF ITS INITIAL PLANE 


By ENRICO VOLTERRA! 


1 Prof. of Mechanics, Rensselaer Polytechnic Inst., Troy, N. Y 
3 Numbers in parentheses refer to the Bibliography at the end of the paper. 


SYNOPSIS 
The Saint-Venant equations (1)? for a circular beam bent out of its plane 
of initial curvature are applied to the study of the deflections of beams sub- 
jected to uniformly distributed forces and supported at symmetric points, 
and of the deflections of cireular-are bow girders supporting distributed or 
concentrated forces. The solutions are given in explicit form. Curves of the 
deflections, angles of twist, and bending and twisting moments are presented for 


certain cases. 


INTRODUCTION 


Notation.—The letter symbols in this paper are defined where they first 
appear, in the text or by diagram, and are assembled alphabetically in Ap- 
pendix 

In previous papers (2), the Saint-Venant equations for circular beams bent 
out of their plane of initial curvature have been applied to the study of deflee- 
tions of beams resting on elastic foundations and loaded by concentrated 
symmetric forces. The same equations can also be applied to the study of the 
deflections of circular beams subjeeted to uniformly distributed loads and 
supported at equidistant points (see Fig. 1) and to the study of the deflections 
of circular-are bow girders with uniformly distributed or concentrated loads 
(see Fig. 2). The solution can be expressed in explicit form and the final 
results presented in tabular form. 

The problem of the bend:.g of beams of simple or double curvature is 
important in strength of materials. Many authors have contributed to this 
field of research. Among them are B. de Saint-Venant (1), H. Resal (3), B. G. 
Kannenberg (4), H. Mareus (5), (6), F. Diisterbehn (7), F. Schleicher (8), 
C. B. Biezeno (9), A. J. 8. Pippard and F. L. Barrow (10), (11), and more 
recently M. B. Hogan (12), (13), (14), (15), (16), B. B. Moorman and M. B. 
Tate (17) and B. Velutini (18). 
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Fig. 1.—Crreviar Beams UntrormMiy Loapep 
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Many of the methods proposed are derived from considerations of strain 
energy; others are graphical in nature. In the particular case of a circular 
beam bent out of its plane of initial curvature, it is possible in the most common 
cases encountered in practice—especially in that of reinforced concrete struc- 
tures—to express the final results ina simple explicit form. Tables can provide 
the engineer with the required data, thus reducing the labor involved in 


computations. 

The object of the paper is to demonstrate this fact, and for this reason every 
vase considered is followed by a specific numerical example to show how the 
corresponding tables can be used. 


BENDING OF A CurRVED BEAM out OF Its PLANE 
oF InirtaL CURVATURE 

A curved beam, built-in at one end, having constant inertia characteristics 
is to be considered (see Fig. 3). The beam will be referred to a system of 
rectangular coordinates x, y, and z with the origin O at the centroid of the cross 
section, the axes z and y coinciding with the principal axes of inertia of the 
cross section and the axis z with the tangent to the center line at O. The plane 
rz coincides with the horizontal plane of the initial curvature of the beam, 
with the positive direction of x toward the center of curvature, y directed 
positive downward, z taken positive away from the built-in end, and the are s 
of the center line measured from the fixed end. 

The displacement of the centroid O during bending is resolved into three 
components, u, v, and w, in the directions of the x, y, and z axes, respectively. 
The angle of twist 6 of the cross section about the z-axis is considered positive 
when the rotation is counter-clockwise with respect to the z-axis. The de- 
formation of an element of the curved bar, bounded by two adjacent cross 
sections, consists of bending in the principal planes rz and yz and twist about 
the z-axis. If M,, M,, and M, are the moments on the cross section at O 
about the x-axis, y-axis, and z-axis, respectively (their positive directions are 
shown in Fig. 3), E J, and E J, the flexural rigidity about the axes indicated 
by subscripts, A the torsional rigidity, and i the initial curvature of the center 
line of the bar, the equations for determining the changes in curvature 


° > ‘ist are ( 9 
and the twist are (19) (20) 
_ Fl, 


R, 


(1) 
1 1 


In these expressions, E is the modulus of elasticity, 7 the moment of inertia, 
and R the radius of curvature. The expressions for the curvatures and twist 
as functions of u, v, w and B are, (19) (20) 
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The condition that the length of the axis of the bar remain unchanged during 
bending and twist is expressed by (19) (20) 


dw u 


By the use of Eqs. 1, 2, and 3, the displacement u, v, w, and the angle 8 can be 
determined in the case of small deflections of curved beams. 

The particular cases to be explained are (1) a circular beam subjected to an 
uniformly distributed load and supported at symmetrie points, (2) a circular- 
are bow girder with a distributed load, and (3) a circular-are bow girder with 
a concentrated load. In these cases, the displacements u and w can be ne- 
glected and Eqs. 1 and 2 reduce to the two equations, 


M,= £1, (4 


Ko=K (84 4] 


M, ds R ds 


Circular Beam Subjected to a Uniformly Distributed Load and Supported 
Symmetrically.—If p is the uniformly distributed load, per unit length of the 
beam, if 27 is the angular distance between the points of support (Fig. 1), 
and with the following notation, 


Y= 
aa El: 
_K 
ET, 
Eqs. 4 become 
6) 
( dp 4 ) -M 
da 
375-5 
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For equilibrium, however, the equations, 
| 
dp (7) 
eM, , dM, 
— - —-ave= 0 | 
do 
must be verified with the boundary conditions: 
B (vy) = B (— 
dp da 
Y = Y (— ¥) 
dp dp 
and 
Py (y) (— ¥) 
dd? 
dM,(—v)_ 4M, (y) 
- -=2ayv 
dp dp 


The angle @ is measured from the center between the points of support. From 
Eqs. 6, 7, and § are obtained: 


[fu +3+ (u +1) ycoty]cosd + (9b) 


M, 

and 

M, _ 


In the case of rigid supports Y = 0 for @ = y, and the constant of Eq. 9b 


assumes the value, 


, 9 € 
A’ +ryeoty +3 + (u + 1) cot (10) 
The values of the functions B, Y, M, and M, are given in Figs. 4(a), 5, and 
6(a) for the following values of the parameters, ~@ = 0.7 and 1; and 2y = 120°, 
90°, and 45°. In the computation of the numerical scales, the constant A’ 


was taken as equal to zero. 
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TABLE 1.—CompvuraTIONS FOR THE MOMENTS IN A 
UNIFORMLY Loapep CircuLaR 


%, in degrees 8B, in radians r, in inches V,, in foot-tons | M,, in foot-tons 
0 0.000812 0 005616 | 3.4875 | 0 
45 9 2 9683 0 2288 
10 0 003260 | 14110 0.4872 
15 0.00039 1 j O OTERO | 0.5045 
20 0.00081 | 0 000820 } 4.7553 0.2542 
22.5 | 0.000924 | 0 | 6.9137 0 

“See Fig. 5 


Numerical Example.—Table 1 contains computations of moments in a 
circular beam having a radius of R = 20 ft. The beam is assumed to be of 
reinforced concrete with a modulus of elasticity of 3 & 10° lb per sq in. The 
beam is assumed to have a square cross seetion (16 in. by 16 in.), to rest on 
eight rigid supports, and to support a load, p, of 0.5 tons per ft. 

The following values are computed: J, = 5,451 in.4, a = 5,688.54 ft-tons, 
vy = 0.0239, av = 133.11 ft-tons, and uw = 0.7. Fig. 5 is applicable in solving 
this problem. 

Cireular-Are Bow Girder With Distributed Load.—Kas. 5, 6, and 7 are valid 
also in this case (see Fig. 2) provided that the following boundary conditions 
are assumed : 


ay (y) _ a¥ 


do dp 
The solutions of Eqs. 5, 6, 7, and 11 are 
L E + Di dsind — ( + D, y tan ..(1Za) 
v COS Y 


Il 
| 
| 
| 
| 
x ¢ 
| 


+ {— (u+1)¢sing + [(u + 1) y tan y — 2] + 2 cos y} . . (126) 
M, 
M, 
av 


in which: 
veosy— (l+ym)siny _ 


(l + w)y + (u— 1) siny cos y (13) 
In the particular case in which y = 90°, 
w+4(u—1) 


The values of the functions 8, Y, M,, and M, are given in Figs. 4(b), 6(b), and 
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7 for the following values of the parameters: w = 0.5, 1, and 1.33; and 2 ¥ 
= 120°, 90°, and 45°. 

Numerical Example; Bow Girder.—A circular bow girder is assumed to be 
subjected to a uniformly distributed load, p, of 0.25 tons per ft. The beam is 
of reinforced concrete (EF = 3 & 10° Ib per sq in.), and its rectangular cross 
section is 20 in. wide and 12 in. deep. The angular distance between the 
built-in ends is 2y = 120°. 

The following values are computed: J, = 8 X 10° in.4, a = 8,333.33 
ft-tons, v = 3 & 10%, av = 25 ft-tons and w = 0.5. The computations for 
this example are in Table 2, and are bused on Fig. 4(6). 


TABLE 2.—Compurations FoR THE MOMENTS IN A UNIFORMLY 
Loapep Cireutar-Arc Bow 


. in degrees B. in radians | rv, in inches M,, in foot-tons | M,, in foot-tons 


| 00003468 | 0.02415 | 3.6290 0 

10 | 0003222 0.02275 3.1940 0.6080 
20 0 0002535 O 19025 1.0650 
30 0 0001572 — 0.2065 1.2245 
0 OO7030 — 30690 09490 
50 0 0.002052 — 6.5977 
60 0 0 —10.6855 — 1.3865 


See Fig. 4(b) 


Circular-Arc Bow Girder With Concentrated Load.—lf P is the concentrated 
load, 2y the angular distance between the extremities of the beam, and a the 
angular distance between the end of the beam (@ = 0) and the point where the 

PR 
concentrated force is applied (see Fig. 3), it follows that » = ET. and that 
Eqs. 6 are still valid. For equilibrium, the following equations must be 
verified : 
M, 
M, = 0 
+ 
dy’ dp 


The boundary conditions and the conditions of continuity are, in this case, 


dé 0... (16a) 


(0) = B (27) = Y (0) = (24) 


dM, (a + 0) dM, (a — 0) 


and £, and are all continuous for @ = a, Because of the dis- 
continuity at @ = a, the analytical expression for the bending and twisting 
moments M, and M. for the displacement v and the angle of twist 6 are different 
in the intervals 0,a@ anda,2y. If 8 = B; y = 9; M, = M,; and M, = M,; 
for a and B =6+ Y=" +Y*, Mz = M,+M*,; M, = M, 
+ M*, fora << 27, the solution of Eqs. 6, 15, and 16 is 


375-11 


7 


0024 


2110 


Values of 


2.105 2 100 


0.008 


M 
Values of 


Values of 


Values of for 7 in Fig 6(a); 


Tac. 6.—FunctTions For 


375-12 


2418 
f ! } 
2 585 2 580 2575 2570 2 565 2 560 
3 | 
| 
awa } Y ( 0) | 
| } 
hee 
| | | | 
10 + + t +> + 
| | | 
| | | 
“s | 
| 
M,; = | 
| | Y (= 10) 
M; 
| 
ay 10 + - 
| 
| 
0.028 0020 0016 0.004 0 
M 
M, M; 1 
: 


[tor inkFig 6(a)] 


[tor 71n Fig 6(a)] 


0 -0004 -~0008 -00 
Each in Fig 6(a); 


and Each in Fig 6(6); 


8 
and Values of ; for 101 Fig 6(a) 


Untrorm Loap, 2 = 90° 


(a) CIRCULAR BEAM 
| 


+ 


CIRCULAR-ARC 
BOW GIRDER 


12 -0C16 -0020 -0024 


375-13 


wid 


~0028 


032 


| 
| 
ae 
| | 
| 
= 
- - + —+-- 
| | | | | 
~ | 
| | | | | | 7 
| | | | | | | | 
| | 
| | | 
Z | | | 
| | | | 
| | 
| | 8 
| | | 
| | | } 
| 
| 
7 
al 


GNV ‘OT ‘CO = 7 ANV = 
QVO'] HLIM MOG HOS SNOMONIG 


jo sanjea 


of000- sz000- ) 01000 S100 0 0z00°0 


¢ 


ul 


3 
| 
= 
| 
| 4 
| 
4 
| 
| 
| 
| 
+ 4 
| zis 
+ t ving 
| Sm | 
| 
| | } | 
y | = 
+ +- — 2 
| | | o 
= 
| 3 | 
| 
| 
af 
| 
8 
375-14 
: 


= v — a) cos (6 — a) — sin (6 — a)]....... (17a) 
y*=— (2@-a) 
+ (wu + 1) (6 — a) cos (6 — a) — (uw + 3) sin (6 — a) ].. (175) 
and 
M*, = — av[(l — cos (@—a)]............... (17d) 


+vBl— i)deosd + (u — 1) sing] + 2vCsing.. (18a) 


=vA[2— (ut I) — 2eos¢] 
+vB (p+ 1) — sind) + 2vC — sin *P).. (185) 


M, = (18e) 
M. =2yuva(Asing— Beos@ + C)............. (18d) 
The constants A, B, and C are determined from the following equations: 
A=[(u t+ 1) 24+ 2cos 7] sin y + + 1) eos 


+ l)ysiny + 2sin? y] — (1 — cos 7) (19a) 


cosy + (u- 1) ysiny + 2 (1 — cos y)*] 


wtly+2— 2cosy] Ds iny + p, (195) 


— (1 — cos 7) ( 
( (1 COS p, t+ (4 1) in y] (19e) 
in which 
= t+ ly + — I) sinyJA............... (20) 
1)siny]........ (21) 
L; = (y @) cos (y — a) — ain (7 — a) ].......-. (22a) 
L. = 2 | (u + 1) (y — a) sin (y — a) + 2 cos (y — a) — 2]... (220) 
and 
= — [sin (y — a) — (y — a) ... (22¢ 
Y a Y ] 
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The values of the constants A, B, and C are given in Figs. 8, 9, 10, and 11 for 
the following values of the parameters: uw = 0.564; 0.7; 0.85; 1.15; 1.33; 
27 = 120°, 90°, and 45°, and for the angle @ varying in the interval (0, y) 
by 10°. 

Numerical Example: Bow Girder With Point Load.—A reinforced concrete 
(FE = 3 & 10° |b per sq in.) circular bow girder, 24 in. by 24 in. in cross section 
is assumed to support a concentrated load, P = 10 tons, at the center. The 
angle between the built-in ends is 2y = 90°, so that P is ata = 45°. 

From this information, the following are computed: J, = 27,648 in.4, 
w= 0.7, v = 0.013889, a = 14,400 ft-tons, and 24va = 280 ft-tons. From 
Fig. 10 are obtained: A = — 0.16, B = 0.345, and C = 0.357. In Table 3 
are the results obtained for this particular case by applying Eqs. 18. 


TABLE 3.—ComputaTiIONs FOR THE MOMENTS IN A CIRCULAR-ARC 


Bow GirpdeER WITH CONCENTRATED 


in degrees | 8. in radians rv, in inches MV, in foot-tons | in foot-tons 

0 0 0 —44.7104 3.2872 
5 0.002544 —36.1116 —0 2408 
10 0.00004321 0 — 27.2356 —3. 0072 
15 —O WOL223 0.020520 —18.1552 —4 9840 
20 0.0002243 0.033168 — 8.9376 —6.1712 
25 —0 0003358 0.046584 0.3500 —6 5464 
20 0004443 0 059328 9 6348 —6.1124 
35 0005371 0.070032 18.8468 —4 8064 
40 —0 OOO6OLS 0 077376 27.9160 —2.8252 
45 ~0.0006257 0.080352 36.7696 0.0000 


“See Fig. 10 
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APPENDIX I. NOTATION 


The following symbols, adopted for use in the paper, and for the guidanee 
of discussers, conform essentially with American Standard Letter Symbols for 
Structural Analysis (ASA—Z10.S—1942), prepared by a Committee of the 
American Standards Association, with Soviety representation, and approved by 
the Association in 1942: 


A, A’ = constants; 
El, 
B = a constant; 
= a constant; 
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D,, D. = terms defined by Eqs. 13 and 20, respectively ; 
E = the modulus of elasticity ; 
I the rectangular moment of inertia; 


K = the torsional rigidity; 


Li, Ls, Ly = terms defined by Eqs. 22; 


(1) 


(2) 


(3) 


(4) 


M,, M, bending moments; 
M. = twisting moments; 
P = intensity of the concentrated load; 
p = intensity of the distributed load; 
R = the initial curvature of the center line of the beam; 
s = are length; 
u,v, w = displacements along axes x, y, and z, respectively; 


zr, y¥, 2 = rectangular coordinate axes; 


v 
y= R? 
a = an angle defined by Fig. 2(b); 
B = the angle of twist; 
y = one half the angular distance between points of support; 
A = a term defined by Eq. 21; 
9 = the angle of twist per unit length; 
K 
P R? 
4, 


@ = an angle defined by Fig. 2. 
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